T H E Royal Society has, from the very commencement of the Ordnance Survey of the United Kingdom, taken a deep interest in its progress. I have therefore great pleasure in announcing to the Society the completion of all the computations con nected with the Primary Triangulation, the measurement of the Arcs of Meridians, and the figure and dimensions of the Earth.
The account of all the operations and calculations which have been undertaken and executed is now in the press, and will shortly be in the hands of the public.
After determining the most probable spheroid from all the astronomical and geodetic amplitudes in Great Britain, we find that the plumb-line is considerably deflected at several of our principal Trigonometrical Stations, and at almost every station the cause of the deflection is apparent in the configuration of the surrounding country.
The deflection of the plumb-line at Arthur's Seat is 5"*25, and at the Royal Obser vatory at Edinburgh it amounts to 5"*63 to the South. The unequal distribution of matter here, the great trough of the Firth of Forth being on the North, and the range of the Pentland on the South, presents a tangible cause for the deflection ; but as the contoured plans of the county of Edinburgh are published, .and we have the most perfect data that it is possible to obtain for estimating the amount of local attrac tion at Arthur's Seat and the Calton Hill, and as it appeared to me that an investiga tion of this matter was not only necessary to confirm and establish the results arrived at from the previous investigation of all the observed latitudes, but would also prove highly interesting to science, I decided on having observations taken with A iry's Zenith Sector on the summit of Arthur's Seat, and at points near the meridian on the North and South of that mountain, at about one-third of its altitude above the surrounding country.
The observations were made by Serjeant-Major Steel of the Royal Sappers and Miners, during the months of September and October la st; 220 double observations of stars were taken at each Station, and the results have justified my confidence in him as an observer.
To Captain Clarke, R.E., I entrusted all the reductions and computations con nected with these observations, as well as the computations of the local attraction at MDCCCLVI.
I
Calton Hill. The following communication has been drawn up by him, and I trust it will prove acceptable to the Royal Society, and do him credit as a mathematician.
I have myself examined the geological structure of Arthur's Seat and the whole of the county of Edinburgh, and have had the specific gravity of all the rocks ascer tained, with the view of estimating the mean specific gravity of the whole mass; but although the geological structure of Arthur's Seat is well exposed, and we have deduced from its mean specific gravity (2*75) the mean specific gravity of the earth, viz. 5*316, it is not such a mountain as I should have selected for this special object.
Since these observations were made, on examining the correspondence connected with the Survey, with the view of drawing up an historical sketch of its progress for publication, I was agreeably surprised to find that the late Dr. M accullqch had been employed for six years, from 1814 to 1819, in examining the whole of Scotland for the purpose of selecting a mountain which, from its homogeneous structure, size, and form, would be best suited for observations for the purpose of determining the mean specific gravity of the earth, and that he considered the Stack Mountain in Sutherlandshire admirably suited for the purpose. The transfer of the whole force of the Survey from the North of England and Scotland to Ireland, prevented the late General Colby from undertaking this investigation; but as the Survey of Scotland is now in full progress, I purpose early in the spring to go down to the Stack Moun tain, to have it and the surrounding country surveyed and contoured, and to have the observations taken for determining the attraction of its mass, and I trust at the close of the present year to lay the results before the Royal Society.
I forward herewith a model of Arthur's Seat, made from the contoured plan on the scale of 6 inches to a mile, and also an impression of the plan itself, with sections showing the geological structure of Arthur's Seat, and a table of the specific gravity of the rock of which it is composed.
In deducing from the observations made at the three stations on Arthur's Seat, with the zenith sector, the latitudes of those stations, if we assign to the resulting latitude given by any one star a weight equal to the number of observations of that star, the final latitudes of the three stations will stand thus :-- 
593
The latitudes thus obtained being affected by the errors of the assumed declina tions of the stars, the amplitudes to be adopted as final are obtained in the following manner. Let < p2 be the values of the amplitudes SA, AN to be determined, and let the stars observed at S and A only, give these values-
Let stars observed at A and N only, give the values-< p 2~b , < p2=zb, .
Let stars observed at S and N only, give the values-
And let stars observed at S, A, and N give the values-
d, e, and the same letters accented, be taken to denote the number of times the stars of the first set are observed at S and A respectively. L et/ , and k repre sent the same quantities for the stars of the second and third set; and let n, q, and the same letters accented, be taken to denote the numbers of times the stars of the fourth and last set are observed at S, A, N respectively.
The values of (px < p 2 adopted are those which render the quantity + i ~ °i)*}+ s j j^ (ft' " ■)*} a minimum. Making the differential coefficients of this quantity with respect to <pi and < p2 respectively = 0 , we obtain in which equations
• If pj be any number, the value of <pi+pp2 is < Pi~hP'<p2=
hence the error of < px-\-pj<p2 depends upon the manner in which the errors of the quan tities a a r ..b br . . c ..enter into this expression.
Let (ya)and (y6) be the sums of the errors of observation at S and A, of a star the first set, the same quantities being accented for other stars. Let (a6), (ac) repre sent corresponding quantities for stars of the second set, (|3a), ((3C ) and (sa), ( ), (sc) the same quantities for the third and fourth sets of stars.
Then L and N are affected with the errors
From these expressions we may derive, finally, the following: if E be the probable error of an observation, the probable error of ^+^2 is
The values of H, M, K, P, L and N are found to be H = 168-93 M = 168-52 K = 4 6 '06 L =362*40 N = 182-20 P =49*34, whence we obtain <p1= 17"-00 £>2=25"-53 01+<p2=42"-53.
Now the value of E is to be deduced from the differences between the individual and mean results given by the different stars. The sum of the squares of these errors is found from the whole of the observations to be 712*1, hence the mean square of an error of observation (1263 obs.) is 0*56, and the probable error of an observa tion consequently =0"-50 ( = * 6 7 \/0*56).
We have therefore the probable error of p i+^p 2 equal to 0"-50 f f 2g3^|o20-48 -544-66 ^+522-04 ^2r = 0"-043| 1-1*046 , so that the probable errors of <px and <p2 are each equal 0"'043. As the differences of latitude are the quantities principally required, we may append these amplitudes to any one of the observed latitudes. Thus making use of the observed latitude of the South Station, namely 55° 56' 26"*69, there will result by applying the above most probable amplitudes the following latitudes:-Latitude of S =55° 56' 26"'69 " " A =55° 56' 43"-69 " " N = 55° 57' 9"-22.
The last two latitudes differ from those in the first table by about a quarter of a second each.
The amplitudes derived from the latitudes in the first table* when compared with those we have considered as most probable, show the following differences:- It might have been anticipated, that, on account of the attraction of the hill at the South Station, the deflection of the plumb-line would have been to the north, which by throwing the zenith to the south would have caused the observed latitude to be less than its true value* The contrary, however, takes place, for the observed lati tude is greater than the geodetical. On proceeding next to the second station, namely, that on the summit of the hill, a similar anomaly is observed; there is an attraction or deflection to the south of more than five seconds, which can by no means be attributed to the hill, as its attraction upon any object at its vertex is very nearly equal north or south. A similar anomaly is visible at the North Station; there is a deflection to the south of 6"*5, which is considerably more than that due to the mass of the hill, as will appear hereafter.
I t is clear, therefore, th a t there is some other disturbing force acting at each of these stations besides the attraction of A rthur's Seat, and which appears to produce a general deflection to the south of about five seconds. The comparison of the observed and calculated latitudes of the observatory on the Calton H ill serves to corroborate this fact. The latitude of this observatory, as determ ined by observation, is 55° 57' 23"*20.
The latitude of the Trigonometrical Station on this hill, when referred to the same spheroidal surface we have before mentioned, namely, that agreeing most nearly with all the astronomically determined points in Great Britain, is 55° 57' 17ff,5 1 : the difference of latitude of these two points (taking the centre of the Altitude and Azi muth instrument of the observatory as the point whose latitude is above given) is 0"*06, so that the calculated latitude of the Calton Hill observatory is 55° 57' 17"*57, which is less than the astronomical by 5"*63 ; showing a deflection to the south of that amount in existence at the Calton Hill. Now the attraction of the mass of Arthur's Seat upon the Calton Hill is easily calculated to be between 0",1 and 0"*2, consequently the deflection here visible is certainly not due to Arthur's Seat.
It seems therefore very probable that the general deflection of five seconds to the south, brought out at all these stations, is due to one and the same cause.
An explanation of this phenomenon immediately offers itself in the existence of the hollow of the Forth to the north, and the Pentland H ills and other high ground to the south, but whether these may be sufficient to produce the effect observed will be considered hereafter.
Deflection caused by an Attracting Mass.
Let it be required to find the attraction exercised by a given mass placed on the surface of the earth upon a given point on the surface, the distance being supposed so small that the sphericity of the earth need not be considered. Let the position of any point of the attracting mass be determined by the coordinates ; r and originating in the attracted point and being measured in the horizontal plane passing through that point, % being measured perpendicular to this plane. Let also the value of 4=0 correspond to the meridian line, then the volume of an indefinitely small element of the attracting mass being rd6.dr.dz, if § be its density, its attraction wi
and therefore its attraction in the direction of the meridian is equal to this quantity multiplied by r.(r2+ s 2)^.co s 6; so that the attraction of the whole mass is equal to § cos Odd r^dr.dz
In order to perform the integrations here indicated, the equation of the surface of the attracting mass is required to determine the lim its; this cannot be expressed, nor can £, which is also a function of rOz. But it is easy to find the attraction of a mass of uniform density included within the following surfaces:-The horizontal planes 2= 0, z -h, the two cylindrical surfaces defined by the equations r= r\, r = r 2, being constants, and two vertical planes determined by the equations 0=02, being constants ; being supposed also constant. Integrating between these limits, the attraction of the mass under consideration is found to be
which being expanded is equal to (putting r ! + r 2= 2r) )(si.i g .-s in *,) ^g j l " I Hence, by taking r2-rx sufficiently small, h A = f(r,-r,)(sin 02-s i n 0,) or if g be the angle of elevation of the centre point of the upper horizontal surface of the mass in question, at the attracted point A =£(r2-r 1)(sin 02-sin sin s. If h be small, so that its square may be neglected,
The angle of deflection produced by any horizontal attracting force acting on the plumb-line is measured by the ratio of the attracting force to the force of gravity or the attraction of the earth. The attraction of the earth upon any point on its surface in latitude is*
where b is the polar semiaxis, e the ellipticity of the su centrifugal force at the equator to the equatorial gravity; if we put a for the radius of the equator, the attraction may also be expressed thus :
here sin2 nearly; whence it will follow that the term within 69 100 the bracket will only influence the attraction by less than a six-hundredth part of its amount, and will therefore only affect the calculated deflection in that ratio. There fore it is sufficiently exact to assume the attraction equal to that of a sphere whose radius is equal to the mean of the principal semidiameters of the earth, or 3956'1 miles: hence the attraction on any point on its surface ^(3956'1), taking the mile as the unit of measure linear. The d, t caused by any attracting force A on the surface of the earth may be taken as number of lines the sines of whose azimuth are successively 0? 12' I 2' * '" l2' 12' counting from the south meridian in either direction, and from the north meridian in either direction ; and draw also a number of circles whose radii are 500, 1000, 1500, 2000 .... feet, being in arithmetical progression with a common difference o 500 feet; the hill will be thus divided into a number of prisms, the deflection caused by any one of which will be, patting x for the unknown ratio of the density of the hill to the density of the earth,^ 500 ,,
=a?5280X 12 447x j2 sin £> * so that the total deflection is equal to 0"*0982 S (sin At each of the three stations, the first ring of 500 feet was subdivided by rings at the distance of 100 feet; the result is shown in the following Table : By drawing twelve rings at 500 feet apart round the centre station, and sixteen rings round each of the other two stations, the results contained in the following ur's 2* -1 0 -5 6 0 -7 -9 9 6 -5 -8 5 0 -4 -6 5 6 -4 -4 7 4 -4 * 5 7 0 -4 -2 0 9 -3 -8 3 9 -3 -4 6 7 -3 1 1 9 -2 -8 8 3 t.
2* -5 148 -6 634 -7 * 7 1 5 -6 -4 2 5 -5 -2 9 5 -4 -5 4 9 -3 -9 9 4 -3 -5 8 7 -3 -2 3 4 -2 -9 3 1 -2 6 6 7 rth 2 n -4-644 -3 -0 9 4 -2-859 -2 -3 6 1 -1 -9 5 4 -1 * 6 2 3 -1 -4 2 2 -1 -2 5 8 -1 176 -1*117 -1 0 4 8 -0 * 9 9 6 -0 9 4 1 -0 -9 3 5 -0 -8 9 4 ion. In order to obtain the whole effect at each station, we must add to these the fifth part of the sum of the sines in the first ring of 500 feet at each of these stations: these are, respectively, 15*797, 3*766, 10*155 ; so that we have- 
Comparison o f observed and calculated Deflection.
We may now determine a value of x by the the action of the hill upon the amplitudes, with the calculated effects in terms of The equations thus obtained are This solution contains tacitly the assumption that the effect of the general south deflection is equal at each of the three stations; if we put for this quantity expressed in seconds, then the following equations will result from the comparison of the ob served and geodetical latitudes, together with the calculated but unknown deflections in x, y -4*265 x -2*44=0 3/+0*708 x -5*25 = 0 3^+3*845 x -6*51 = 0 , which give?/=4"*68 and #=*5076.
These quantities give, when supplied in the equations, the following erro rs:
+ 0"*08; -0"*21; + 0"*13; so nearly are the observations represented by these values of x and
Extension o f the Calculation Deflection.
The result just obtained, namely, that the ratio of the density of Arthur's Seat to the mean density of the earth is equal to *5076, is somewhat arbitrary, from this cause, that it is slightly dependent on the extent to which the calculation of the attraction is carried out. Had there not existed a marked difference in the mean height of the ground on the north side and on the south side of the hill, a smaller number of circles would have been sufficient. The existence of this attracting mass forbids our limiting the calculation to the visible extent of the h ill; we must, there fore, in order to compare with what we have already obtained, extend the calculation to include a circle of about nine miles diameter round each station.
We shall now, instead of drawing the circles at 500 feet apart, make the radius of the (>2+ l) th circle equal to of the radius of the wth circle, so that they shall be in geometric progression. We have already drawn twelve circles round Arthur's S e a t; the radius of the 13th circle will therefore be-g-*500T2 = (|-) 6000 feet, that of the 14th will be (|-)26000 feet, and so on. Around each of the other two stations sixteen circles have been drawn, the radii of the 17th and 18th will therefore be (|-)-8000 and (-J)2*8000 feet, and so on. Now if A be the height in feet of any one of the compartments thus formed, we have shown that the resulting deflection in seconds is x ' \ 2 4475280 =0*00003027^.
The following Consequently the effective sums of the heights are,- We see from this that the assumption of # being constant for the three stations was not very erroneous, though the difference is perceptible. We shall now form the equations for * and #, remarking that y is not now the same quantity that was before represented by that symbol, and that the assumption of its being constant for the three stations is now almost unobjectionable. Taking into consideration the deflections before obtained, the total deflections south at each of the stations will beSouth S ta tio n . showing that the above values agree very well with the observations. From a com parison of the errors of these equations with those previously solved, it would appear that the probable error of this value of * is considerably less than that of the value (*5076) then obtained. The two values, however, are as close as could be expected. We shall adopt, therefore, as most probable, so far as resulting from these observa tions, *=*5173. We may estimate the probable error of this quantity dependent upon the probable errors of the observed amplitudes th u s; writing the three equations in the form #+a*+tf' = Q
If now X be the observed latitude of the South station, X" X2, X3 the geodetic latitudes of the three stations,-
The probable error of xd epends on the probable errors of ' , and c' -a', that is supposing the geodetic amplitudes to be free of error, on the probable errors of <p, and < p2. The part of x involving < px and is 9^07 x (13'037<p,+1 l '070p2): con sequently the probable error of x is equal to the probable error of •1343(<pi + 0'85<p2), which, by means of the expression given for the probable error of p , +^2, becomes (making ^=0*85) probable error of # = +0*0053.
Mean Density o f the Earth.
Having now ascertained the ratio of the mean density of Arthur mean density of the earth, the knowledge of the latter results immediately from the knowledge of the former. Assuming as the result of observation 2 75 for the mean densitv of Arthur's Seat, it follows that
Mean density of earth -."5773 ^ 5*316.
The probable error of the divisor *5173 being *0053, the probable error of the resulting mean density is + '054, so that, considering no other cause of error than those of the zenith sector observations, we have If now we put the angles DCP = p ,AB P = f', we shall get, since
We may thus determine a sufficiently close approximation to the effect of the hollow of the Forth. An examination of a map of Scotland, on a sufficiently large scale, will show that a rectangle of eighteen miles by twelve, having its longest side inclined 40° to the meridian, may be placed so as to cover the greater part of the Forth with some exactness, having also Edinburgh opposite to the middle point of the south side and Arthur's Seat nearly two miles from this side, as in the accompanying diagram. The angles < p and < p' will be found to be 73° and 18°, and therefore the /> attraction of a rectangular stratum of these dimensions with thickness X h and density g will be, (2*3025 being the reciprocal of the modulus of the common system of logarithms) in seconds, h to be expressed in feet, h the mean density of the earth. An inspection of a chart of the Forth will show that the depth may be taken at a very even average of 30 feet below mean water-level; so that the attraction of the water (^= 1) upon A rthur's Seat causes a deflection = 0"*04 to the north-east at mean w ater; the latitude of points in the neighbourhood is consequently variable to the amount of about 0"*02, depending on the tide.
We may now suppose the water to be removed and the hollow filled up with rock to a mean level of 70 feet. Then taking 2*5 for the mean density of the rock, the attraction of this stratum would be 0"*36, or resolved in the direction of the meridian, the deflection north would be 0"*28. If the hollow were filled up to a mean level of 150 feet, the deflection north would be 0"*50.
From this we conclude that the existence of the hollow of the Forth will account for but a small portion of the deflection of To the south of Edinburgh the country gradually rises, until at the southern boundary of the country the mean level is about 1000 feet with peaks rising to 1/50 feet. The contours for the county of Peebles are not yet sufficiently advanced to permit the calculation of the attraction of the hills in the north of that county. We may however extend the calculation to the southern borders of Edinburghshire.
The number of circles already drawn round A rthurs Seat is 21, the last nine being drawn according to the law rn+l=%rn: if we draw seven more according to the same law, this will carry us slightly beyond the boundary of the county. The sums of the heights in the different rings will then be as follows:- the sum of which is 105350. The consequent deflection will be, using the same value of Xy namely *5173, 0"*00003027 X 105350 X *5173 = 1"'64.
To this we have to add the quantity obtained for the preceding nine rings, namely, l"-69x or 0H *88, making altogether 2"'52 due to the high ground to the south within the county of Edinburgh. From the height of the country in the north of Peebleshire, it seems probable that when the calculation can be carried into that county, a sensible addition to the quantity above determined will be obtained, and that the whole of the 5" may possibly be accounted for.
In conclusion, the principal results arrived at are these:-1st. The effect of the attraction of the Pentland Hills is observed in nearly equal amount at each of the three stations on Arthur's Seat. 2f,*21 North. 0"-37 South. 2"-00 South.
and, since the observed deflection at Arthur's Seat is 5"-25, the apparent effect of the Pentlands is 4"*88 at the summit of the hill. 3rd. Of this deflection of 4"*88, the computed attraction due to the configuration of the ground within a radius of fifteen miles accounts for about 2"*5 ; and, inasmuch as we know that the igneous rocks of Arthur's Seat and the Pentland Hills have an origin at a great depth below the surface of the earth, the difference between the observed and computed attraction is probably owing in part to the high specific gravity of the mass of rock beneath them.
4th. The deflection at the Royal Observatory, Calton Hill, being 5"*63 South, exceeds that at Arthur's Seat by 0"*70. Of this deflection, O^'GO is due to the con figuration of the ground comprised within a circle of a mile and a quarter round the Observatory.
5th. The latitude of Arthur's Seat or points in the neighbourhood varies to the amount of about 0,,#02 between high and low water.
6th. The mean density of the earth determined from the observations at the three
